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ARTICLE

COMPUTATION OF ROOTS OF AN ALGEBRAIC EQUATION

BY NEWTON.RAPSON'S METHOD
. AN INTERACTIVE APPROACH

S W ANWANE
Department of Physics, shri shivaji Education society Amravati's,

Science Gollege, Gongress Nagar, Nagpur

roduction

The solution of numerical problems in theoretical physics

was, until a few years ago, the domain of large computers.

ln recent years, personal computers have reached the

power at par with large computers of early sixities' Apart

from their high computational performances, personal

computers offer interactive capabilities and rapid graphical

output of results. Thus, the personal computers offer us a

wide field of possibilities of education and research' The

present work is an aitempt to visualize the Numerical

Method of Newton-Rapson and attempt calcuiations in

steps until we find the roots of the equations. The C**

programme depicted in the Appendix witl help the users to

take a ride on their PC to find the roots of equation.

computation using Newton-Rapson's method- An

-pproach to Practical Problem

One of the oldest problems in Mathematics is that of finding

the roots of an equation, which has given rise to a whole

branch of mathematics known as theory of equations. ll

deals with those methods which are appiicable to finding

the real roots of equation

/(r)= o (1)

where / (x) is any precise piecewise continuous function

of x having numerical cofficients a,'s giving a polynomial

ofdegree n .,,
y = ,f (;r)= ao + atx + arx2 + a.x3 + ...+ a,,,x"' =\a,x'

i=0

(2)

ln orderto have concise discussion we shall begin with a

polynomial of degree 2 having its roots known and then

search them with famous Newto-Rapson's method lo find

the roots. Later, we sha[l generalize the problem for a

polynomialof degree 2 and write a programme in Turbo

C++ which then will be a tool between Polynomial and

Roots.

Graphical Approach

Consider a function

y = f (r)=G-q]/q--9)= x2 -r3x+36
Obviously roots are 4 and gwhile a polynomialto be solved

for roots has coefficients

ao=36,ar=-13 and ar=1'

lf ihe referred polynomial is plotted, it appears as shown

in the Fig. 1 . The curve intersects x-axis twice indicating

existance of two real roots.
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Fig.1: lnterpretation of Newton-Rapson's formula in

terms of plots ot /(x)= O

To begin search of roots we have to begin from arbitrary

point (xn, yo ). Ora* a tangent to the curve at (xo , yn )
Mathematically, the slop of the tangent will be

{.s,rd



y'= f '(x)=2x-l3i.e. )o'= f 'Qu)=2"0-13101

This line intercepts x-axis at a point x, (saV) which is
closer to the root than xn . Thus we know that tangent is

a Iine

l=mx+c (5)

passing through points (ro, yo ), (x,,0)ano and having
sloPe z = ;lo'.

To know y-intercept c of the tine, substituting (xo, yo ) in
(5), we get

c=!o-!'oxo (6)

For this point (x,,0) tne equation of line wiil be

0 = mx, * c. Thus the new point i,

c - !o- !'o xo

-_-.--tn lo

xr=xo-+=xo*h 
", -P=hGay) (6a)! o l'o \"q

'lt may be generalized as

- _-" _t,xn+t = x,, = =? =x n*h (6b)
!',,

Now, we can find a point y, on the curve coresponding
to ,, .r shown in Fig" 1. Mathematically obtain y, from
(2). Now the process can be repeated for (x,,y,) to
search x, until its corresponding y is perfecfly zero i.e.

we reach root of the equation using NeMon-Rapson
formula (6).

The reader may verify five steps of finding root starting
from y = 1 . Table 1 depiets calculations.

Table 1: Date generated and processed in various
steps of programme

The prograrnme proposed in the present work
repeatedly uses NeMon-Rapson formula (6)" Moreover a
generalization is developed to key in the polynomial

equation of the form (3) by accepting coefficients

as,a1,a2, a3,...a,.. By arbitrarily supplying the starting
point xo one can reach to the exact root of the polynomial

provided it is real and does exist.

Mathematical approach using Taylor's series

The Newton-Rapson's mathod is based on the process of
successive approximation by iteration. The formuia for
successive aproximation may be obtained from Taylor's

Series with a remainder about the point x = xo .

f (,)= f (*,)* (* - *)f 'G,). k-# f " G) e)

{liesbetween xand x,..Sustituting x= p (where pis
root) and solving for p in the second term on the right-
hand side, we have

P=x # (p-,,y## (8)

therefore, by equation (6b)

xiot-P=G,- rr#t (e)

n

0

1

x I y' h=-y/y'
1 000000 24 000000 -11 000000 2 1B1B1B

3 1B1B1B 4 z6oi1 -6 636340 ot1nrc

since x,-pis the error in the 7th iterate to the roo,

equation (8) states that each iteration squares the erro'r

and then muttiplie it bythefactor ##r, where { ties

somewhere between x, and the root p .

Note that the sign of the error in x,o, is independent of the

sign of the error in x, . tt is positive tr f" 6,)f '(*,)> O in

the neighborhood of p,and negativeif f"(+ V'(r, ). O

Thus, the iterate approach the root from one particular

side that is independent of the initial interate xo.

Once one is close enough to the root so that the factor

f"
Z f , in equation (9) is roughly constant from one iteration

I

j

ti

2 3 899128 0 514534 _saafi$ 0 098916

3 3998044 0009i84 5 003912 0 00195s

4 3 999999 0.000004 -5 000002 0 000001

5 4 000000 0 000000 -5 000000 0 000000
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to the next, one may successfully employ the following

rule based on equation (9), forthe rate of convergence of
the iteration process:

lf the root is known to tie in a range R forwhich an upper

bound M can be established for the absolute value of
f"(4)

,f :6 , for any x, in R, and if the ith iterate x, is

knownto approximate the rootto n decimal places, where

m is the /ongesf integer in 2n - log M.

ln this rule x, is said to approximate p to n decimal

places if n is the targest integer in -tog V, - pl. proof of

the rule is obtained by taking the logarithm to the base 10

of the absolute values of each side of equation (g).

It is cleald[om above analysis that the covergence will be
J

poor if , . , is large in the neighborhood of the root. ThisLJ
will usually happen ,t f (*) does not cross the x-axis at
a sufficiently steep angle.

Programming in Borland Turbo C++

The programme is devised to accept polynomial of order
m followed by accepting lhe coefficients
ao,at,a2,aj,...a,,. The user may specify the starting
point xo arbitrarily and tentatively state the number of
calculation steps ,? to be peformed to reach to the root

of equation. The nurnber of step n is also to be chosen
arbitrarily such that root finding attepts should be sufficient.
The user may prefer higher side of n depending upon the
difference of the starting point xo and root x,, .

ln the programme we use equation
v

x,+t = x,, -: = xn * h repeatedly until we reach to roolt,
of the equation. ln this process for arbitrary xr, ), and be

obtained from polyno mial x i = f G): i a,x ii and its
i=0

firstorderderivative !'i= f '6,)= i ia,x,'-'
i=l

Limitation

The arbitrary starting point should not be minima/maxima
of the function. At minima/maxima of the functiofl y,= 0
and iteration willstop (divide by 0 error)"

Conclusion

Since the input polynomial and arbitrary starting conditions
are defined by usqr to see the quantitative effects on various
parameters displayed on the screen, this C programme
becomes an interesting and interactive teaching aid to
assimilate the rnethod. A variety of polynomials, arbitrary
starting points and steps required to find oul roots of the
polynomialcan provide insight into the Numerical Method.
Moreoverthe programme can be a ioolto find the realroo.
of polynomial of any degree, provided root exists"


